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M. S. SPENCER

Imperial Chemical Industries, PLC, Agricultural Division, P.O. Box No. 1, Billingham,
Cleveland T$23 ILB, England

Received January 20, 1984; revised December 12, 1984

Similar expressions to those derived before for both exact and approximate limits to first-order
kinetics are shown to apply to systems which follow pseudomonomolecular kinetics. A more
rigorous derivation of the approximate limits is given. The treatment is extended to some multicom-
ponent systems displaying pseudo-mass-action kinetics. In all cases the approximate constraints on
rate constants are those which would be derived if the Principle of Microscopic Reversibility could
be applied in regions away from equilibrium. Previous work on three catalysed reactions (sulphur
dioxide oxidation, water-gas shift, and methanol synthesis), in which the catalyst is not a constant

entity across the composition space, is shown to be in accord with theory.

INTRODUCTION

The contraints imposed by thermody-
namics on expressions for reaction rates
have been much discussed (e.g., Refs. (I-
6)) in various formal ways for systems both
close to and far from equilibrium. These
analyses apply to catalysed, heterogeneous
reactions as well as homogeneous reactions
when the catalyst is a constant entity across
the full range of composition of the system.
While this is sometimes valid, many real
catalysts vary with reactant and product
composition, €.g., changes in the concen-
tration and nature of active sites, or in bulk
composition of the catalyst. In Part I (7)
both exact and approximate thermody-
namic constraints were deduced for systems
with variable catalysts and following first-
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kinetics, as used by Wei and Prater (6), and
then to some systems described by pseudo-
mass-action kinetics.

NOMENCLATURE

a; Activity of component A;

a; Activity of component A; at
equilibrium

A; ith component in multicompo-
nent system

by Activity of component Bj

B; Component reacting with A; to
give A; in some multicomponent
systems

C Constant for given systems

G Gibbs free energy of system

AG, Gibbs free energy change for

catalyst reaction

order kinetics. It was also shown that the AGi G‘t?bs free energy change for re-
properties required in a useful catalyst, i.e., . action A; = A; .
high activity combined with catalyst stabil- * Number of component in sys-
ity, lead to the approximate constraints | tem .
which would have been obtained if the Prin- 7 Number of component in sys-
ciple of Microscopic Reversibility (PMR) ter.n.
could be applied away from equilibrium. % Initial rate of catalyst change
The treatment is extended here first to X P seudo-ﬁrst-order rate constant
systems following pseudomonomolecular Of. reaction A; — 4; in the
neighbourhood of P
1 For Part I, see Ref. (7). kj; Pseudo-first-order rate constant
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of reaction A; — A; in the
neighbourhood of P’

ky Forward rate constant of multi-
component, single-reaction sys-
tem in the neighbourhood of P

k_y Reverse rate constant of multi-
component, single-reaction sys-
tem in the neighbourhood of P

K; Equilibrium constant of reac-
tion Ai = Aj

1 Number of component in sys-
tem

m Total number of components B;
in system

n Total number of comiponents A;
in system

P Point in composition space of
system

P’ Equilibrium point in composi-
tion space of system

Q Point in composition space of
system near to P’

t Time

T Absolute temperature

w(A), u; Chemical potential of compo-
nent A; in system

w(B) Chemical potential of compo-
nent B; in system

w(B;y) Chemical potential of compo-
nent B; in system

ud Standard chemical potential of
component A;

i Chemical potential of compo-
nent A; in system at equilibrium

12 Stoichiometric number of multi-
component reaction

pi Stoichiometric coefficient of A;
in multicomponent reaction

Pij Stoichiometric coefficient of By
in multicomponent reaction

g Stoichiometric coefficient of B;
in multicomponent reaction

¢ Unspecified function of time

and the amounts of the various
species of the system
TREATMENT
Pseudomonomolecular Systems
The reduction of some nonlinear reaction
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systems to pseudomonomolecular systems
was used by Wei and Prater (6) for ease of
analysis. These systems are reaction sys-
tems in which the rates of change of the
various species are given by first-order
mass action terms, each multiplied by the
same function of composition and time.
Thus, for a system consisting of three com-
ponents, A, A,, and A3, which react by the
equations

A=A
Ay = Ay
Ay = A

the pseudomonomolecular rate equations
are

M

da

dtl &(—(kiy + kis)ay + knay + ksas)
ddz

a dlkpa; — (ko) + kpsdax + kpas) (2)
da

—d—tz = ¢(kiza; + kpa; —
where k; is the pseudo-first-order rate con-
stant for the reaction from A; to A;, and ¢ is
some unspecified function of the amounts
of the various species and time, and must
be positive for real systems.

In the general case of n components, the
rate equation for component A; is given by

—fi—“—’—cbZ(ka,

(k31 + k3as),

kjiaj), 3)

where values for i = j are omitted.

Exact Constraints for
Pseudomonomolecular Systems

Suppose the system undergoes a cata-
lysed, adiabatic change at constant pres-
sure from the point P in the composition
space of the system.

Then, from a similar analysis to that used
before (7), the constraint imposed by the
second law of thermodynamics is

0< 2 [p,, 2 (kja; — kza;) ] 4
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This is the same form as the exact con-
straint deduced for first-order systems, but
with the difference that k; and k; are now
the pseudo-first-order rate constants. It fo-
lows that, as before (7), thermodynamics
imposes no constraints on the relative val-
ues of the pair of pseudo-first-order rate
constants, k; and k;, except as part of
Eq. 4).

Closer constraints can be deduced for
various special cases as for linear sys-
tems (7).

The equation, k»i/k;; = K51, which would
be derived by the use of PMR if it could be
applied at P in a two-component system,
fits Eq. (4) but only as a further special
case.

Approximate Constraints for a
Pseudomonomolecular System

In the previous paper (7) the rate con-
stants of both two-component and multi-
component systems which followed linear
kinetics were shown to be related as if the
PMR could be applied approximately away
from equilibrium, i.e., k;/k; = K;; for all i, j
(as above, all terms with { = j are omitted).
A more rigorous derivation of the same
conclusion is given in the Appendix for a
two-component pseudomonomolecular sys-
tem. For all the real cases considered, the
approximate constraint is

kn/kz[ = K12. (5)

This is identical with the equation which
would have been derived by the use of PMR
at P. The applicability of PMR in various
nonequilibrium systems has been discussed
by Astarita (8), but in this case the form of
Eq. (5) arises from the properties of a prac-
tical catalyst.

Extension to the multicomponent system
considered before is straightforward and
follows the previous analysis (7).

Pseudo-Mass-Action Systems

The concept of pseudomonomolecular
kinetics can be extended further to pseudo-
mass-action systems. These were defined
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by Wei and Prater (6) as ‘‘systems in which
all rates of change of the various species are
given by mass action terms of various inte-
gral order each multiplied by the same func-
tion of composition and time.”” Two types
of pseudo-mass-action systems will be con-
sidered in this section. The first is one in
which the reactions in the system can be
represented by a single, multicomponent
reaction:

gl PiA; é ; o;B;, (6)

where p; and o; are the stoichiometric coeffi-

cients. The rate -equation, following
pseudo-mass-action kinetics, is
_1 da_ 1 da_ 1 db

p1 dt p; dt N o; dt

6 [’“,Ij. ot - k_,j]'j] bp|. @

Although this is a multicomponent system
the restriction of fixed stoichiometry in a
single reaction makes it formally equivalent
to the simple, two-component reaction

A=A @®)

considered as a special case previously (7).
With appropriate transformations, the com-
position space becomes one dimensional,
with any composition falling to the left or
right (as defined by Eq. (6)) of the equilib-
rium point. For the left-hand side arbitrarily
in excess of equilibrium, i.e.,

H ajl_'j/n blu'; > (Kl)_”",
j=1 j=1

where v is the stoichiometric number of the
reaction, the constraint is

®

ky H1 af >k H1 b (10)
J= J=

The relation k/k_; = (K;)!", which would

be derived by the additional use of the PMR

or other equilibrium properties (5) fits the

above relations (9) and (10) but only as a

special case. Even in this special case there
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is no direct or necessary relationship be-
tween k;, k_;, and the values of any rate
constants in the region near equilibrium.
The second pseudo-mass-action system
consists of a set of n components, A; ... A;
... A, each of which reacts with compo-
nents from a second set, By, By ... By ...
Bu—1n s Bun—1)- This is expressed in a set of
n(n — 1)/2 reactions, each first order in one
component, A;:

Ay + puBip = Ay + puBy
Ay + pi3Bis = A3 + py By

A+ pinBin=Ap + puBn
Ay + pi3By = Az + puBy;

AZ + p2nB2n = An + anBn2

(11

Ai + pUB’J = Aj + pjiBji
Ap-1) t Pa-tnBau-1n = An + Prtn-1yBnin-1)

The rate equation for component A; is given
by

da,- - " .
- = ¢JZ} (kja:bf — kpa;bf) (12)
fori #j.
Similarly, for component B;:
1 dby ) )
- P_u ) Tty = ¢ (kya;bf — kia;b) (13)

The free energy of the system at P is G,
where

G =3 anta

+

n n
i=

> by wiBy)] (14
i=
again forall i # j.

The constraint on the rate constants is
then derived from Eqgs. (12), (13), and (14)
as before:

n

0< [21 M(A;)JZ] (kjaib§ — kya;b)

i=

+

n
i=

> i (kyaibf)

1j=1

#)uB;) + RT)). (19)

n

= kia;
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Approximate constraints for practical cata-
lysts in both of these systems can be de-
rived most readily by the use of the qualita-
tive argument applied before (7) to
multicomponent first-order systems. Thus,
the approximate relations between the rate
constants in these systems are those which
would apply if PMR were valid away from
equilibrium.

COMPARISON WITH EXPERIMENTAL
RESULTS

Most monomolecular systems which
have been studied experimentally have
contained catalysts which can be regarded
as constant entities across the full range of
composition space, e.g., butene isomerisa-
tion over alumina (6). More far-reaching
chemical changes in the reactions between
the components of a system are customar-
ily needed to bring about changes in cata-
lysts. Some of these follow, at least approx-
imately, pseudo-mass-action kinetics.

In each of the examples considered, sul-
phur dioxide oxidation, water-gas shift re-
action, and methanol synthesis, there are
wide variations in the forms of reaction rate
equations proposed. However, allowances
for the reverse reactions were made satis-
factorily as if PMR were valid across the
full experimental range, so confirming the
validity of the approximate constraints de-
rived above.

Sulphur Dioxide Oxidation

The reaction for sulphur dioxide oxida-
tion

SO; + 30, = SO; (16)

is a case of Eq. (6), withn =2and m = 1.
Then the constraint on the rate constants
[Relation (10)] becomes

klasozab’f > k_lasoa. (17)

The kinetics of SO, oxidation have been
widely studied (9-11) for supported V,0s
catalysts. Alkali metal promoters are added
and the active phase is a melt of composi-
tion which is dependent on the gas phase.
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Thus, this system is an example of a cata-
lyst with variable bulk composition.

Attempts have been made (12-15) to in-
clude the changes in composition of the ac-
tive melt into the kinetics but the difficulties
are formidable. The wide variety of con-
ventional Kkinetic equations proposed (9~
11) reflects more than the idiosyncrasies of
different workers in fitting experimental
data. Livbjerg and Villadsen (/0) concluded
that ‘“‘most rate expressions are adequate
only in a narrow temperature and composi-
tion range and that probably no single rate
expression can be applied in the whole
range of industrial operating conditions.”
Thus SO, oxidation is a system showing the
expected variability of kinetics.

The diversity of kinetic equations does
nevertheless show a consistency in the al-
lowance made for the reverse reaction (9,
11), which is always of the form
net rate = (forward rate)

-l

K- asozagzz ’
where v = 1 or . The derivation of Eq. (18)
requires the application of PMR, even
where this is not strictly valid. The experi-
mental use of Eq. (18) under these condi-
tions confirms the arguments used above
for approximate constraints consistent with
the application of PMR.

(18)

Water-Gas Shift Reaction
The water-gas shift reaction

H,0 + CO=H; + CO, (19)

is another case of Eq. (6), withm = n = 2.
Only the catalyst for the high-temperature
region, Fe;0,/Cr,0s;, is considered here.
From Relation (10) the constraint

o< [1 — k-1 (.aHzaCOz>”"]

—-_— 20
ky aw,0dco (20)

can be derived.

Various forms of kinetic equations have
been reported for the water-gas shift reac-
tion (16, 17). Unlike the V,0s-based cata-
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lysts for SO, oxidation, the bulk composi-
tion of the active phase of water-gas shift
catalysts stays constant as Fe;O, under all
normal industrial conditions. Nevertheless,
the degree of surface oxidation of these cat-
alysts is dependent on the gas composition
(18) and so variable Kkinetics can be ex-
pected. The empirical kinetic equations are
all (16, 17) of the form

net rate = (forward rate)

Aco,dy,
1 — —-CofH,
Kacoau,o

|. ey

so again the performance of the system is as
if PMR can be applied in regions of compo-
sition away from equilibrium.

Methanol Synthesis

The formation of methanol from synthe-
sis gas and the concurrent water-gas shift
reaction which occurs in the presence of
H,0 and CO, is described by the set of
three reactions (two only of which are inde-
pendent):

CO + 2H, = CH;0H
CO, + 3H, = CH;0H + H,0 (22)
CO + H,0 = CO; + H;

This set can be described by Eq. (11), in
which

A] = CO, A2 = CH3OH,
A3 = COz
pi2B1; = 2H;; py By = Hy0;
pubBy =H, (23)
puBy = —; pnBn = 3Hy;
pisBiz = H,O

The exact constraint on the relevant rate
constraints is then the inequality (15) with
n = 3 and the substitutions (23). The ap-
proximate constraints are given by the ap-
plication of PMR to each of the reactions in
(22).

Various kinetic equations for methanol
synthesis over zinc oxide/chromia catalysts
are given by Denny and Whan (19). The
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lack of consistency between different equa-
tions may be attributed in part to variation
of the catalyst surface with the composition
of the reacting gases. Bowker et al. (20)
have shown that the defect state of the sur-
face of the ZnO is of critical importance in
the reaction. This defect state is a function
of gas composition (21, 22), giving a vari-
able catalyst. Allowance for methanol de-
composition in the empirical kinetics is of
the form

net rate = (forward rate)

A4CH,0H
] - —<HoH
K- acody?

| @9

again giving support for the application of
PMR in regions away from equilibrium.

CONCLUSIONS

1. The exact constraints on the rate con-
stants in multicomponent catalytic systems
which follow pseudomonomolecular or
pseudo-mass-action kinetics are similar ex-
pressions, involving chemical potentials as
well as rate constants, to those deduced be-
fore for first-order systems.

2. Again as for first-order systems, ap-
proximate constraints for other systems
with practical catalysts are those which
would apply as if the Principle of Micro-
scopic Reversibility could be used well
away from equilibrium.

3. The empirical kinetics obtained from
three multicomponent systems with practi-
cal catalysts are compared with the theoret-
ical constraints on rate constants. The wide
variability of kinetics is attributed, at least
in part, to variations in the catalysts with
gas composition. In accord with theory, the
Principle of Microscopic Reversibility can
be applied approximately, even in regions
well away from equilibrium where its exact
use is not valid.

APPENDIX

Consider the two-component system in-
volving A, and A, which reacts by

A = A,
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The rate of reaction near P is then
(25)

Now suppose that the catalyst, at a steady
state with the reacting system in the
neighbourhood of P, is transferred nearly
instantaneously to an equilibrium mixture
of A; and A, (at the same total pressure,
volume, and temperature as the system at
P) at activities a; and a, respectively. If
the catalyst is transferred sufficiently
quickly the catalyst is initially in the system
at the equilibrium point P’ in the same state
as it was at P. After the transfer of the cata-
lyst the system is assumed to be adiabatic
and at constant pressure. For the following
argument P’ may be the unique point of
equilibrium or one of several possible
points of equilibrium to be found in some
nonideal systems (23). After the transfer,
two reactions, which may (and indeed in
real systems must) be coupled, need to be
considered:

(i) The reactions of A; and A, on the cata-
lyst, leading initially to a displacement from
equilibrium.

(i) Changes in the catalyst from its
steady state at P to its steady state at P’.
These can range from changes in adsorbed
species to reactions in the bulk of the cata-
lyst.

Suppose the action of the catalyst on the
system at the equilibrium point P’ causes
initially a move to point Q, very close to P’,
with an increase in A;. Then, at Q:

a=a; + da

, (26)
a = a; — ba.
At P’ the free energy of the system is given
by
G’ = (aim + azp2) Q27
and at Q:

G = (aipy + azpa). (28)

Substitution from Eq. (26) gives



154

G = ((a; + da)(u! + RT In(a] + 8a))
+ (a} — 8a)(ud + RT In(a; — 8a))). (29)

Simplification of Egs. (27) and (29) then
gives
RT 1 1
o0+ T ar[} 1]
G 2 (al al) a; + aé (30)
Differentiation of G with respect to time
and substitution from Eq. (25) gives the rate
of change in free energy (due to A, and A,
only) in the system at Q.
dG (G -G
a s 2¢ ——— (knay; — kna)). (1)
Let the initial rate of any change of the cat-
alyst be k., the units of which are moles X
(catalyst volume)~! (time)~!. The initial rate
of free energy change for the catalyst only
is AG, - k.. As Q is close to P’, this rate is
assumed to be constant from P’ to Q. The
system (catalyst + A; + A,) is adiabatic, so
the rate of change of free energy must be
negative and the constraint at Q is

AG, - k. — 2 ——— G - G)
da,
(kpa, — kaaz) < 0. (32)
This can be rearranged to
5 ”(G - G')al][(i)klz][l B kZIaZ] q
AGC : 8(11 kc k12a1 ’
(33)

As before (7), consideration of different
types of practical catalysts shows that

kaia; -

kia; (34)

Since Q is close to P’, a,/a, =~ aj}/aj], so the
approximate criterion imposed by the sec-
ond law is

kialky = Kpp (35)

and the rate equation (25) may be rewritten

as
day [ar - 2]
Kyl

= bkiz (36)
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